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Abstract

We define certain criteria, using the characteristic decomposition of the boundary con-
ditions and energy estimates, which a set of stable boundary conditions for a linear initial
boundary value problem, involving a symmetric hyperbolic system, must satisfy. We first use
these stability criteria to show the instability of the Maxwell boundary conditions proposed
by Grad[8]. We then recognise a special block structure of the moment equations which
arises due to the recursion relations and the orthogonality of the Hermite polynomials; the
block structure will help us in formulating stable boundary conditions for an arbitrary or-
der Hermite discretization of the Boltzmann equation. The formulation of stable boundary
conditions relies upon an Onsager matrix which will be constructed such that the newly
proposed boundary conditions stay close to the Maxwell boundary conditions at least in the

lower order moments.

1 Introduction

In gas dynamics, the rarefaction of a gas poses significant challenges. The ratio of the mean
free path to the macroscopic length scale of the domain, known as the Knudsen number, helps
us in describing the extent of rarefaction in a gas. Depending upon the range of the Knudsen
number, the flow regime of a gas can be classified as: the hydrodynamic regime (Kn < 0.001),
the slip flow regime (0.001 < Kn < 0.01), the transition regime (0.01 < Kn < 10) and the free
molecular flow regime (10 < Kn). The evolution of the phase density function for all the flow
regimes is appropriately described by the Boltzmann equation. There has been a significant
amount of development in the past decades towards developing numerical methods for solving
the Boltzmann equation. Direct Simulation Monte Carlo (DSMC) proves to be a method with
high fidelity for solving the Boltzmann equation, an extensive discussion can be found in [2].

But DSMC methods have been found to be expensive for flow regimes with Kn <1 due to the
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obvious presence of a large number of particles and therefore there is a need to come up with

cheap solvers for flows in this regime.

The core idea of most of the methods, which appear as a substitute to Monte Carlo methods,
lies in projecting the phase density function onto a finite dimensional space; the Grad’s moment
equations proposed in [8], where the phase density function is expanded in terms of the tensor
valued Hermite polynomials, falls into this category. Since Grad discarded his own equations, not
much attention was payed to them initially. But recently Grad’s equations have been studied in
detail since it has been found that properties like loss of hyperbolicity, presence of sub-shocks etc.
can be overcome with the help of certain regularizations, see [3, 13, 25]. In the present work, we
will focus upon low Mach rarefied gas flows. Therefore we will linearise the Boltzmann equation
about a fixed ground state and then use a Hermite expansion, in the velocity space, to compute
the deviations of the distribution function from this ground state; such an approximation will

lead to set of linearised moment equations which are globally hyperbolic in nature [23].

Most realistic problems concerning gas dynamics involve an interaction between the gas and
its surrounding environment; one of the crucial one being the interaction between a gas and a
solid surface. Therefore one should endow a fluid model with appropriate boundary conditions.
An initial step towards providing boundary conditions for moment equations was already taken
in [8] where the Maxwell accommodation model was used to come up with Maxwell’s boundary
conditions(MBCs) for the Grad’s-13 moment equations. In [32], the MBCs were also derived for
the Regularized-13 equations(R13) which were then used to study certain benchmark problems.
The MBCs for R13 equations were used in [27] to study a low Mach number flow over a sphere;
the results were found to be promising as compared to those obtained from Stokes equations [1].
The use of MBCs was further extended to moment equations describing the flow of rarefied gas
mixtures; see [10] for a detailed discussion and the results therein. In [20], the MBCs were used
to compute a lid driven cavity flow using R13 equations and finite differences. In [9], the authors
have studied a plane Coutte flow using R13 equations equipped with MBCs. See [29] and the
references therein for a detailed discussion on boundary value problems arising from moment
equations. Despite being physically intuitive, the studies conducted in [19, 21, 33] have brought
out the physically inaccuracy of MBCs. In [31], the authors have discussed the instability of
MBCs and its influence upon the convergence of Discontinuous Galerkin schemes for curved
boundaries. The instability of MBCs motivates us to formulate stable boundary conditions for

an arbitrary order Hermite discretization of the Boltzmann equation.

Stability of boundary conditions has a significant role to play in the well-posedness of IBVPs.
The framework for well posedness of constant coefficient initial boundary value problems(IBVPs)
has been developed in [7, 14, 15, 18]. The theoretical framework for well-posedness, for symmetric
hyperbolic systems, usually relies upon the use of energy estimates which help in providing an
upper bound for the solution, of an IBVP, in terms of the given data. These energy estimates
were also used in [18] to formulate certain conditions which the boundary conditions must satisfy
in order to be well posed. Apart from analysing the well-posedness of continuous problems,
energy estimates have also been used in analysing the stability of numerical schemes; see [16, 31]

and references therein for greater details. Therefore the stability of boundary conditions becomes



crucial to obtain acceptable results both on the continuous and the discrete level.

From the previous works it is clear that the higher order moment methods are required
in flow regimes which experience significant non-equilibrium; see [30] and [28] for a discussion
regarding the derivation and the convergence of higher order moment methods for boundary
value problems respectively. Moving along the same lines as [18], we will use energy estimates to
define the notion of stable boundary conditions. We will then use our stability criteria to study
the instability of MBCs. Further, we will recognise a special block structure for the moment
equations which will help us to formulate stable boundary conditions for the same. Similar to
[21] these boundary conditions will be given in terms of the Onsager matrix. Adopting the
methodology proposed in [21], we will then use the MBCs to derive an explicit expression for

the Onsager matrix.

2 Stability Criteria

Restricting ourselves to linear IBVPs, in the present section we will be defining the notion of
stable boundary conditions along with the neccesary and the sufficient conditions for a set of
boundary conditions to be stable. The energy estimate to be discussed in this section is closely
related to the well-posedness of an IBVP; see [7, 11, 12, 18] for details. A linear IBVP can be

given as

d

da(x,t) + Z ADY, a(x,t) =Pa(x,t), xeQ, t>0 (1a)
i=1

a(x,0) =f(x), xe, t=0 (1b)

Ba(x,t) =g(x,1), xe€d, t>0 (1c)

where a € R™ is the solution vector, A € R™*™ is a constant coefficient matrix which
will be assumed to be symmetric and the domain Q C R? is Lipschitz continuous and convex.
The matrix B € RP*™ prescribes the boundary conditions, the exact form of which will be
discussed later and d is the total number of spatial dimensions. The initial condition f(x) and
the inhomogeneity of the boundary conditions g(x,t) is the given data of the problem; both f
and g will be considered to be infinitely differentiable i.e f € [C*°(Q)]" and g € [C*(Q)]*. To
maintain coherence with the moment equations, which will be derived in the coming sections, we
will assume P € R™*™_ which is also a constant coefficient matrix, to be negative semi-definite

ie.
a’Pa <0, acR™ (2)

Generically speaking, the IBVP in (la)-(1c) is well-posed if there exists a unique solution
which continuously depends upon the given data [7, 14]. Since the problem which we are
considering is linear in nature hence, if the solution exists then the continuous dependence of

it on the given data will ensure its uniqueness [18]. Thus, the IBVP given in (la)-(1lc) is well
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posed if (i) the solution to the IBVP exists and (ii) the solution is such that it is bounded by
the given data of the problem in some suitable norm. For the existence of the solution it is
necessary that we prescribe the correct number of boundary conditions which translates into
the matrix B, appearing in (1c), being of an appropriate size [7]. Let n = n(x) be a unit vector
which points out of the domain and is perpendicular to 92 at the point x, then we can define

the flux matrix A as
d .
A =% "n A (3)
i=1

which will be symmetric. We will assume that as n varies along the whole boundary, the
cigenspectrum of A(™ does not change, this is in accordance with the rotational invariance
of the moment systems; see [17]. For the existence of a solution it is necessary that we only
prescribe a boundary condition to those characteristics which come into the domain (see [7] for
details); therefore, the number of rows of the matrix B(i.e. p) should be equal to the number of
negative eigenvalues of A(™ and rank(B) = p. Hence the assumption on the eigenspectrum of

A (™ ensures that the size of B remains the same for all the boundary points.

To ensure the uniqueness of the solution, we can now look into the following energy estimate
which can be obtained by multiplying (1a) by a”, integrating over the domain € and using

Gauss-theorem
1 1
at/ ol adx + j{ a’AMads = / a’Padx <0, (P <0). (4)
2 Ja 2 Joq Q

Due to the symmetricity of A®, the entropy-entropy flux pair for (1a) can be recognised as
aTa and o AW q respectively. Under the assumption of P being semi-negative definite, the
entropy flux across the boundary remains as the only source for the growth of the L?(2) norm
of the solution vector e (or the growth of the entropy functional). Hence, we can bound the

solution by the given data of the problem if we can bound the entropy flux as
H=a"AWa > -At)gx,t)"gx,t), xecdQ (5)

where A(t) is some scalar function independent of the solution and the given data of the problem.

Assuming that we can somehow ensure an inequality of the form (5), then using (4) we have
o< AO) o 07l ) (©

where ||.|| represents the standard L?() norm, which ensures the uniqueness of the solution
in case it exists. The afore-mentioned analysis shows that in order to obtain any reasonable
results for our IBVP we need careful modelling of the boundary conditions. It can be shown
that if we end up prescribing the wrong number of boundary conditions then the existence of
the solution will be endangered and on the other hand if the boundary conditions do not lead

to a bounded growth of the solution, in the sense of (6), then the uniqueness of the solution



cannot be ensured. In the spirit of fulfilling the necessary conditions for the well-posedness of
our IBVP, we have the definition

Definition 2.1. A set of boundary conditions, Ba = g(x,t), for our IBVP given in (1a)-(1c)
will be called stable if it prescribes the correct number of boundary conditions and provides us

with a bound of the following type for the L*(Q)) norm of the solution c

Orllal2< A(t) yg 0l 1) (7)

where A\(t) is some scalar function independent of the solution and the given data of the problem

and g(x,t) is the inhomogeneity arising from the boundary (see (1c)).

From characteristic splitting, we know that A™ = XAX” where X and A contain the

eigenvectors and the eigenvalues of A respectively. Using X, we define
Ro=—-(BX_ ) 'BX;, R,=-(BX_ ) 'BX,, g=(BX )'g (8)

where X,/ /o contain the eigenvectors corresponding to positive, negative and zero eigenvalues
respectively. We now formulate the following conditions, which are both necessary and sufficient,

for the stability of the boundary conditions in (1c)

Condition1 rank(B) = p and p should be equal to the number of negative eigenvalues of A,
Condition2 ker{A™} C ker{B}(or Ry = 0).

Conditions RTA_Ry + Ay > 0.

Conditiony RLA_g € range(AL + REA_R,).

A detailed derivation of these conditions can be found in subsection 7.1. Conditionl is a
consequence of the definition of stability itself and ensures that we fulfil the necessary conditions
for the existence of the solution. Condition2 to Condition/ ensure that we can bound the entropy
flux at the boundary by the given data leading to the uniqueness of the solution to the IBVP.

As per Condition/, if we want to allow for any arbitrary inhomogeneity g then range(R{) C
range(A+ + RTA_R.), which is always satisfied if A} + RTA_Ry is s.p.d. Therefore, in [18]
the authors restrict Ay —|—R£A_R+ to be s.p.d for inhomogeneous boundary conditions (g # 0)
so as to obtain well-posedness of the IBVP. On the contrary, in the present work we only allow
for those inhomogeneities which satisfy Conditionj as a result of which REA_RJ,_ + Ay can
even be semi-definite. As we will see in the coming sections, the matrix B in (1c¢) is modelled
using some well defined physical process and remains the same for homogeneous(g = 0) and
inhomogeneous(g # 0) boundaries; therefore, the allowable inhomogeneities depend upon the
nature of the matrix REA_R, + A (or B).

Remark 1. An interesting question is whether the framework which will be developed in the
present work can be easily extended to non-linear systems or not. Though even for non-linear

systems it is crucial that we prescribe boundary conditions to only those characteristics which
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come into the domain but the bound in (7) does not guarantee the uniqueness of the solution.
Therefore a formulation of boundary conditions, for non-linear problems, based upon the criteria

presented in Definition 2.1 might not provide us with a unique solution.

3 The Boltzmann Equation

We will now restrict ourselves to a kinetic equation which is one dimensional in the physical
and the velocity space. In the present setting, the Boltzmann equation, on a bounded position

domain, is given as

Of +E0:f =Q(f, f), (x,6,1) € [z, 2] x R x [0,T]

9
f(l',f,O):f[(fL',g), T € [$(_),$(+)],t:0 ( )

where f = f(x,&,t) defines the phase density functional and f; is some suitable initial condition;
boundary conditions for (9) will be discussed later. The operator Q(f, f) is such that it only
vanishes under equilibrium i.e. Q(fu, far) = 0 where fq is the Maxwell-Boltzmann distribution

function given as

—v T 2
fM(f;p,U,e) = %exp <_W> (10)

with p, v and 6 being the density, velocity and temperature (in energy units) respectively and are
defined with respect to f as p = [; fd¢, pv = [ {fd€ and pv? + pf = [ €2 fd€. In the present
work, we are concerned with flow states which correspond to very low Mach number regimes.
So, in terms of the distribution function, we are looking for perturbations of f(x,&,t) around the
global Maxwellian fo = fa(; po, 0, 00) where py and 6y are ground states which are independent
of x and t. To obtain an equation for the perturbation of f about fy, we will linearise f through
the relation f =~ fy+ € f with € being some smallness parameter. Substituting the linearisation
into the Boltzmann equation (9) and using 0;fo = 9. fo = 0, we obtain the linearised form of

the Boltzmann equation upto O(e)

Of +€0:.f =Q(f), (z,61) €[z, 2] xR x [0,7]
(,

f 3 11
f(x7§70):f[($,€), .TG[JI )7m(+)]’t:0 ( )
where Q(f) is the linearisation of Q(f, f) about fy and has the property [6, 23]

which will prove to be helpful during the discussion of stable boundary conditions. The initial

condition f7 is the linearisation of f; about fy upto O(e), we will assume f1 to be in L? (R, fy b,



3.1 The Maxwell Accommodation Model

3.1 The Maxwell Accommodation Model

Using the linearised Boltzmann equation given in (11), we would like to study a fluid flow inside
a bounded position domain i.e. z € [z(-), ()] such that at both 2 = () and z = z(+) we
have solid stationary impenetrable walls. Thus the gas in our bounded domain can only be
excited through a temperature difference between the two confining walls. It is obvious that to
study such a problem we need to equip our kinetic equation in (11) with appropriate boundary
conditions.

As is clear from (11), the linearised Boltzmann equation is hyperbolic in nature with the
advection speed being equal to the molecular velocity £. Therefore, we simply need to prescribe
a value to the distribution function at the points in the phase space with positive and negative
velocities at z = z(7) and 2 = z(*) respectively. Assuming the scattering at the boundary to

be modelled by the Maxwell accommodation model, the boundary conditions are then given by
Fa® .60 =7 © + 1 - 0f@®, g1, <0, (13)

The functions f/(\f) (&) appearing in the boundary conditions are the deviations of fu from fy,
upto O(e), at the left and the right wall respectively and are given as

) 5 e
(£) ey — P S = ()

where 5 and ) are the deviations of p and 6 from the reference states py and 6y upto
O(e). The factor x € [0, 1] is the accommodation coefficient and determines the fraction of the
molecules which are fully accommodated at the walls; the temperatures of the walls, é(i), are
the given data of the problem but the densities, p*), are determined such that the relative

velocity of the gas in the direction normal to the wall remains zero.

3.2 Stability of the Maxwell Accommodation Model

It is crucial to discuss whether the Maxwell accommodation model given by (13) is stable or
not for the linearised Boltzmann equation (11). Because if the Maxwell accommodation model
is itself unstable then, we cannot expect to obtain a stable set of boundary conditions from it
for our moment system. For the stability of the Maxwell accommodation model, we recall the
following results from [23]; where for simplicity x and 6F) were taken to be 1 and 0 respectively.

Multiplying the linearised Boltzmann equation (11) with f fo 1 and integrating with respect

to &£ and z, we obtain
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e

1 7 1 1 7 1 1 2 1
2815 /x<) /Rf fo déde + 2 |:/1Rf fO £d§:| z=z(+) 2 [/Rf fo §d£:| z=z(—)

()

= [ [ <o

(15)

where we have used (12). For the linearised Boltzmann equation the inequality can be looked
upon as an energy estimate, similar to (4), with [ f2fytde and Jr f2fyted¢ corresponding to
the entropy and the entropy flux respectively. Due to the temperatures of the walls being zero,
the inhomogeneities arising from the walls are absent which is equivalent to g = 0 in (1c¢). The

Maxwell accommodation model will be stable, in the sense of Definition 2.1, if we can obtain
(g =0in (6))

2(H)

72 p—1
) /m N /R P deds <0 (16)

which is equivalent to requiring the positivity of the entropy flux across the boundary (H > 0
in (5) with g =0) i.e.

+ / Ploteds >0, x=al. (17)
R
From the work done in [23], we know that both the above inequalities are satisfied which in turn

provides us with the stability of the boundary conditions in (13).

4 Hermite discretization

Motivated from the work done in [8], in the present work we will discretize the linearised Boltz-

mann equation, in the velocity space, using the Hermite expansion in the following way

m—1
P F o e |6
[~ fn= iz;az( ’t)H 2<\/%> fo (18)

where, m can be looked upon as an indicator of our resolution in the velocity space. The
Hermite approximation was shown to converge in [23], to the solution of the linearised Boltzmann

equation, for the boundary value problem we are interested in. In all the coming sections
(), = [ f9d. (.9) = [ Fowie (19)
v gl

The Hermite polynomials, He;(£), appearing in our approximation enjoy the following well-

known but crucial properties



4.1 The Moment System

Orthogonality : / He; (%) He; (\/gef> fod& = di5p0 (20a)
R 0 0

. . § . 3 3 €
Recursion : Vi + 1He; 41 ( +ViHe; 1| —=) = —=He; [ —— (20b)
T\ T\ Voo T \Ve
For all the coming discussions, we will define H; as H;(§) = He; (£/+/00) . Due to the orthogo-
nality of the basis functions (20a), the coefficients a;’s appearing in our Hermite discretization

(18) can be trivially given as

pocy; = <Hi,fh>R- (21)

The first few coefficients «;’s appearing in (18) are related to the deviations of the field variables(, ©

and 9~), from their respective ground states(pg,vg and 6p), through the relations
p; o 6
Qg = —, aq

= —, o = .
Po Vo 2 V260,

In order to develop tools necessary to identify a special block structure of the moment equations,

(22)

we would like to divide the set of expansion coefficients (or moments) into even, a,, and odd,

., coefficients in the following way

0o (ae)i = <H2i7 f~h>R7 (RS {0’ s (ne - 1)} (233)
po (ao); = (Haiy1, fr)r, i €10,...(n° —1)} (23b)

where n® and n® represent the total number of odd and even moments respectively. The variables
n° and n° depend upon the value of m (the total number of moments)

m—1

mEl o is odd m=2 mis odd
e 2 0 o 2

n’ = , n’= (24)
=z, m is even Z m is even.

Clearly, n° and n® are such that n® + n® = m. From (24), one can see that the value of n® is

either equal to n° or greater than n° by one.

4.1 The Moment System

T tv/0o

For convenience, we will non-dimensionalise z and ¢ as £ = 7 and ¢t = = respectively where,

L is some appropriately defined length scale and 6y is the reference temperature in energy
units. In order to derive the linearised moment equations, we multiply the linearised Boltzmann
equation by the scaled Hermite polynomials (H;), integrate the resulting expression over the

entire velocity space and replace f by fh to obtain
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0 (a> + ( oA ) 0s (“) =P <a> o (@) € [, 2] x [0, 7]
Q. A 0 Q. Q.

S—— ———— (25)
o A

Poai(ﬂfao) :<Hi7fI>Ra WS [$(_),$(+)],t20

where a contains all the moments and has been assumed to be ordered as a = (ex,, )’ with the
odd (e,) and the even (a.) moments defined in (23b) and (23a) respectively. A set of boundary
conditions for the moment equations will be discussed later. The matrix block A% € R™"*"",

appearing in the flux matrix, can be explicitly given as

1 - -
A?; ES <H2i+1, H2j§>(R,f0) = (5i+1,j\/ 21+ 2+ (51'7]'\/ 21 + 1) . (26)
PO\/%
Additionally, A = (AOE)T which implies that the moment system is symmetric hyperbolic.
The block structure given in (25) has also been identified in [22] for semiconductor transport
equation and shows that in the transport part of the moment equations (25), the odd moments
are coupled with the even ones and vice versa. The matrix P appearing in (25) models the
contribution from Q( f ) and is given as
Py = ———(H:,Q (H;fo)), - (27)
v pof '
Moreover, using (12) we have a;Pjja; < 0 for all o € R™ which shows the negative semi-
definiteness of P. The flux matrix A, defined in (3), for our moment system is given as

AW = A0 = 4 ((Age)T Ao) , x=ag®) (28)

and shows a particular block structure which will be helpful in formulating boundary conditions.
We would now like to find an equivalence between the moment system and the generic system
introduced in (1la); this will help us in studying the stability of the boundary conditions to be

discussed shortly. Let us first define the following for convenience

Definition 4.1. A square matric A € R™*™ will be called Onsager compatible, if it has the

following properties

(i) The matriz A is structured as

. ((A?F Aé) 0

with Ay € RP*? such that p + q = m and p < q. Note that in such a case, A will be

symmetric.
(ii) All the rows of the matrix Ay are linearly independent or rank(A1) = p.

10
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For all the Onsager Compatible matrices, we have

Lemma 4.1. Let a matriz C be Onsager compatible with the same structure as that given in

(29), then it has the following properties

Propertyl The ker{C} is given as

ker{C} = span { (ker?Cﬂ») } . (30)

Property2 The eigenspectrum of C is symmetric about the origin.
Property3 The number of negative eigenvalues of C are equal to p.

Proof. See subsection 7.2. O

We will now show that A(Y) appearing in (25) is Onsager Compatible.

Lemma 4.2. The fluz matriz A appearing in (25) is Onsager compatible.

Proof. See subsection 7.3. O

Due to Lemma 4.2 and (28), the flux matrix A™ is also Onsager Compatible and will have
an eigenspectrum which will be the same at z = 2(*) with the number of negative eigenvalues
being equal to n°. The symmetricity of A1), negative semi-definiteness of P and the nature of
the eigenspectrum of A shows that our moment system is equivalent to the generic system
introduced in (la) and therefore Conditionl to Conditionj can be used to formulate stable
boundary conditions for the same. Using the nature of the eigenspectrum of A we can
complete our description of the IBVP by formally prescribing the boundary conditions through

the relation

a,=Ma.+g or (I,-Ma=g, == 3, (31)
where M € R*>*"° B € R**™ and g € R" are unknown. It trivially follows that rank(B) = n°
which, along with the eigenspectrum of A shows that the boundary conditions in (31) satisty

Condition1 required for stability. We note that due to the structure of B in (31) and Property!l

of A Condition?2 is equivalent to requiring
ker{A°¢} C ker{M} (32)

where A% is as defined in (26). We would now like to find M and g such that we can have a
bound of the type (7) for our IBVP given in (25) and (31).

11
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4.2 Maxwell Boundary Conditions

We will first look into one of the ways of finding an explicit M and g appearing in (31). The
derivation of MBCs for the moment equations, from the Maxwell accommodation model, is
based upon the assumption of continuity of odd fluxes. The idea of assuming the continuity
of all the odd fluxes near the wall was first developed by Grad[8] and was motivated by his
study conducted on specular walls, x = 0 in (13). For this particular case he noticed that only
the continuity of odd fluxes led to non-trivial boundary conditions; he then simply extended
his observation to more general walls (x € [0, 1]). Unfortunately, as we will see in the coming
discussion, the continuity of odd fluxes leads to unstable boundary conditions. The continuity
of odd fluxes reads [8, 24]

| . . . , .
§<H2i+1,fﬁ>R =+p [<H2i+1a fhr+ — <H2i+17f/(\i1t)>R+ , 1€{0,...,n?—1} (33)

where f/(jt[) is as given in (13) with f,‘l’ and fﬁ representing the odd and the even parts of fh,
with respect to &, respectively. Using the definition of f/(\f), we can further simplify (33)

1 . e
§<H2i+1a fh>R =+ ﬂ <H2i+17 fh,>R+ - p’T<HQi+17 H0>(R+,f0)
i) (34)
. X N
T <H2z‘+1,H2>(R+,fO)] ) <w1th B = 2—X> . =z

As was discussed previously, the walls which bound the domain have been considered to be
stationary and impenetrable which provides us with a; = 0 at both the boundaries. Substituting

i = 0 in (34) and using the restriction on ay for no penetration of the gas across the wall, we

can obtain an expression for p()

o) 1

- o)
- Hy, fOps — (Hy, H. — . 35

By substituting the expression for &) into (34), we can write the MBCs in a matrix vector

product form as

a, = +28M™)q, £ g®) | g = () (36)
where the matrix M(™¢) € R"**"° and is independent of the accommodation coefficient y. In
tensorial form, M™% is given as

1 <H1 H2‘>(R+ fo)
Amee) g H — (Hoirq. H, i Jo) | 37
“ P0 i, Haj) e o) = (it Hod gt o (H1, Ho) (r+ fo) (80

The vectors g*) € R™ are the inhomogeneities arising from the walls and are given as

12
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0 1=20
(%) _ ) .
9; = <\/§59(i)> |:(H2i+17HO><R+,fO)<H17H2><]R+,f0) B . . (38)

op o) e ) (Hair1, Ho) e gy | > 121

From (36), the boundary matrix B and M and the inhomogeneity g appearing in (31) can be
identified as

M = £25M0™), BOM) = (Ly2sM) ) g =g w=a® @30)

which provides us with an explicit set of boundary conditions for our moment system. Similar
to the stability analysis of the Maxwell accommodation model, discussed earlier, we would like
to know whether the MBCs are stable in the sense of Definition 2.1; we will discuss this now in

more detail.

4.3 Instability of MBCs

As was discussed previously, a set of boundary conditions of the form (31) satisfy Conditionl;
therefore, MBCs in (36) fulfil Condition!. From numerical investigation we have found that for
all the moment systems, upto m = 50, in which n® # n°, the MBCs do not satisfy Condition2
and are thus unstable; whereas for systems in which n® = n°, MBCs are stable. The reason
for MBCs being stable for moment systems with n® = n® will become apparent in the coming
sections. A proof for the instability of the MBCs in the case of n® # n° is beyond the scope of

the present article but we will provide the following example to demonstrate our claim.

Ezample 1. Let us consider a case which corresponds to m = 5 in (18). For such a system, the

list of variables and the flux matrix (A()) can be given as

0 0
0 0
as = (a1, a3, ap, ag, ay) , Agl) = 1 0
V2 V3
0 2

o o o o —
ooo%&
o o o v o

—

~

S

S—

The kernel of the flux matrix and its eigenspectrum are given as

T
k:er{Agl)} =K (0,0, 2\/37 —jg, 1) (with k € R) (41)
AAM) = (i\/\/ﬁ+5,i\/x/ﬁ+5,o>. (42)

The MBCs for this particular system are given by

13



5 ONSAGER BOUNDARY CONDITIONS

1 00 0 0 N 0 ) (43)
2 2 [2 | ¥ = Lo | =T
01 0 F28 5 FoA/ 3 2/ I O
Bémbc) géﬂ:)

Considering the eigenspectrum of the flux matrix given in (42) and the entries of the boundary
(mbc)

matrix By 7, it is clear that the MBCs for the present moment system satisfy Conditionl.
Checking for Condition?2, we find
22K

B her{ A Y= =5 n A0, @ =), (44)

Clearly, ||Bgmbc)k:er{Ag1)}||lz7é 0 for = 2*) which shows the instability of the MBCs.

Remark 2. Considering the instability of MBCs it seems reasonable to only consider those
moment systems in which n® = n® but it is crucial to remind oneself that such a moment system
does not exist in multi-dimensions and therefore it is important to fix the boundary conditions

for moment systems with n® # n¢.

5 Onsager Boundary Conditions

After the discussion of the previous section, we concluded that the matrix M%) does not
satisfy (32) and thus the MBCs are unstable for a large variety of moment equations. This
motivates us to come up with a set of stable boundary conditions for which we will exploit the
Onsager Compatibility of the flux matrix A(™ given in (28); similar to the work done in [21, 26],
we will call these the Onsager boundary conditions (OBCs). Before looking into the moment
equations specifically, we would like to develop a set of general OBCs for all those symmetric
hyperbolic systems which have an Onsager Compatible flux matrix; an extension to moment

equations will then follow in a straightforward fashion.

Theorem 5.1. Let the flurx matriz, corresponding to a general symmetric hyperbolic system
(1a), A € R™™ defined in (3) be Onsager compatible along the whole boundary with

A*
A = ((A(:)T O”) , X €00 (45)

where A} € RP*? and p < q. Also, let the solution vector o to be structured as

a= <°"’> (46)

where ay, € RP and oy € RY. At the boundary, let o, and oy be related as

14



5.1 OBCs for Moment Equations

ap=Ma,+g=LAJa,+g or (I,-Ma=g, xecif (47)
B

where L € RP*P 4s a constant symmetric positive semi-definite matriz, M € RP*Y and g €
range(L) is the inhomogeneity arising from the boundary. Then, the boundary conditions in
(47) are stable in the sense of Definition 2.1.

Proof. See subsection 7.4. O

We showed previously that Conditionl to Conditionj are both necessary and sufficient for
a set of boundary conditions to be stable. Since, the general OBCs given by (47) are stable this
immediately implies that they satisfy the stability conditions for hyperbolic systems which have

an Onsager Compatible flux matrix.

5.1 OBCs for Moment Equations

%) and therefore we can use

The flux matrix A given in (28) is Onsager Compatible at x = 2!
the framework developed in Theorem 5.1 to formulate the OBCs for our moment system. By
comparing the moment system and the flux matrix A, given in (25) and (28) respectively,

with the general formulation developed in Theorem 5.1 we find
AL =2A", =, oy=a,, g=+gF), z=2 (48)

where o, and o, are the odd and the even moments defined in (23b) and (23a) respectively and
g is as defined in (38). Using (48) in the general formulation (47), the OBCs for our moment

system are given as
o, = +LA%a, +gF), 2z =z (49)

where L is an unknown symmetric positive semi definite matrix; similar to [21, 26|, we will call
this matrix the Onsager matrix. We note that for (49) to be stable we require g € range(L),
this can only be shown after we have formulated an explicit expression for L. The whole

methodology which follows can be summarised as

Step! We know that the MBCs satisfy Condition1 but not Condition2; therefore, we will first
transform M) into M(™%¢*) such that M(™¢*) satisfies (32). Then, M%) will be

row equivalent with A i.e. it could be expressed as
2BM(mber) = LA (50)
where L could be any matrix not necessarily symmetric positive definite.
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5 ONSAGER BOUNDARY CONDITIONS

Step2 We will then show that L obtained through Stepi is indeed symmetric positive semi-

definite and is therefore the required Onsager matrix.

Step3 From the Onsager matrix obtained from Step?2, we will show that g&) € range(L).

We will now discuss the above steps in more technical details. For further analysis, we will split
A% and M(7b¢) a5

A% — (A067Aoe> o MImbe) — (M(mbc),M(mbc)) (51)

where A%, M(mbe) ¢ RnOx(n°=1) and Ace M(mbe) ¢ R™. The invertibility of A%, which follows
from (80), shows that ker{A°} = span{a®} where

(Aoe) -1 Aoe
—1

aoe —

(52)

From the null-space of A% it is clear that a transformation of M (™)

that a° will belong to ker{M(*)} and we do not need to disturb the coefficients of M),

mbe, )

will be enough to ensure

therefore, the following structure for M will be sufficient to proceed with our construction

of the Onsager matrix

N(mbes) (M(mbc)j M(mbc,*)) (53)

- . NN
where M(mbex) — \(mbe) (A"e) A°¢ which can be obtained by requiring M(mbc*)g%¢ = (.

- . N1
Using M(mb¢*) we obtain M(7be*) = Np(mbe) <A°e> A°¢ which leads to
. L o\—1
L = 23M(mbe) (AO@) . (54)
with the help of (50). We will now show that L is indeed symmetric positive semi definite .

Theorem 5.2. The matriz L given by (54) is symmetric positive semi-definite.

Proof. See subsection 7.5. 0

With the Onsager matrix L given by (54), we have an explicit set of OBCs from (49). But the
stability of the OBCs can only be assured once we have completed Step?; hence, we have the

result

() ()

Lemma 5.1. The inhomogeneity g'=) given by (38) is such that g'*) € range(L) where L is

given by (54).
Proof. See subsection 7.6. O
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5.1 OBCs for Moment Equations

With Lemma 5.1, we have completed our formulation of the OBCs. By replacing L from

(54) into (49), we summarise the OBCs for the moment system through the relation
a, = £2BM @, + g g = () (55)
with M) given by
M(ebe) _ pp(mbe) <Aoe)*1 Ace (56)
The matrix M and B(e) appearing in (31), can now be identified as
M = +25M() Blobe) — (I, ;251\/1(0”0)) . r=a®, (57)

The explicit formulation of boundary conditions is similar for different values of m (18). Hence,
we present the OBCs corresponding to m = 5 by revisiting the example presented in subsec-
tion 4.3.

Example 2. Consider the moment system corresponding to m = 5 in (18). The solution vector

as, the flux matrix Aél) and the boundary matrix Bémbc) corresponding to this system have

been given in (40) and (43); it is trivial to see that the flux matrix Aél) is Onsager compatible
and hence we can formulate a set of stable OBCs for the present moment system. Following
the splitting of the boundary matrix and the flux matrix given in (51), we obtain the following

expression for Mémbc) and Age

~ (mbe 0 0 . 1 V2
M) = — |, Ar- vz (58)
0 2y/+ 0 V3

Using the formulae for the Onsager matrix L from (54), we obtain

~r(mbe) [ A -1 0 0

Ls = M. (Age) - 2/ |- (59)
O K
3

One can now check that Ls is symmetric positive semi-definite and géi) , defined in (43), is in

the range of Ls. Therefore, the following set of boundary conditions are stable for the present

moment system

ob = +L;A%0 £ g, 1 =a2® (60)

5
e

A% € R?*3 is the upper right block of Agl) defined in (40). The set of OBCs given in (60) can

also be written as

5

o = (g, a2, 4) and the matrix

where a3 € R? and a? € R3 are given as ab = (a1, a3), o

17



5 ONSAGER BOUNDARY CONDITIONS

100 0 0
01 0 F28\/& F%/2

™

~~

BSobc)

9

(obc)

Comparing the Onsager boundary matrix By~ with Bémbc)

given in (43), we find that the
underlined term, which corresponds to the highest moment in the system, is the one which
differs between the two. Thus, by using the formulation presented in the earlier sections, we
have stabilised the boundary conditions given in (43) by altering just the coefficient of the highest

order moment appearing in the boundary conditions.

Remark 3. For the case when n® = n¢, we will have
A% — Aoe’ M(mbc) _ M(mbc) (62)

and therefore ker{A°} = () . Which means that Condition2 will be automatically satisfied
since the empty set is a subset of every set. Using (62) in (56) we obtain M(@¢) = M(mbe),

which shows that the MBCs are stable for all moment systems which have n® = n®.

Remark 4. A non-trivial normal velocity of the walls changes the number of characteristics which
come into the domain; see [5]. Therefore we cannot simply extend the boundary conditions
presented in (55), for moving walls, by replacing g(()i) in (38) by v(*), with v representing the
normal velocity of the wall. If we do so then we will end up prescribing the incorrect number of
boundary conditions. We leave the formulation of stable boundary conditions for moving walls

as a part of the future work.

5.2 Relation to Discrete Velocity Models

We will now compare the OBCs to the boundary implementation presented in [23] where the
authors diagonalize the flux matrix appearing in (25) (A(1)) with the help of m Gauss-Hermite
quadrature points in the velocity space, {z;}, using which the moment system in (25) can be

written as

8tfh(xazi7t> + Ziath(xaziat) = Qh(fh(xvziat)afh(xvzht))? (XS {07 ceem = 1} (63)

where Qh represents the discrete version of the linearised collision operator Q computed with the
help of a quadrature defined on the grid points {z;}. Writing the moment system as a discrete
velocity scheme makes the implementation of the boundary conditions very straightforward
due to the following reasons. Consider the boundary z = 2*), then, similar to the boundary
conditions for the Boltzmann equation (13), we need to prescribe a value to the distribution

function for all those grid points(z;) which lie in the half space ££ < 0. This translates into
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5.3 Discussion

Fu(@®) zit) = x5 () + (1= ) fu(a™), —2i,1), 42 <0 (64)

with fj(\f) as defined in (14). Plugging in the Hermite discretization from (18) into the above
relation, we can come up with the desired number of relations for the coefficients («;); the
boundary conditions given by (64) were also shown to be stable in [23].

From the discussion done in section 2, it is clear that a boundary implementation of the type
(64), for the moment system, is only possible if the values of the distribution function at the
gauss points corresponding to £z; < 0 have a one-to-one mapping to the characteristic variables
which come into the domain (W_). Such a mapping, for moment systems arising from a multi-
dimensional velocity space and based upon Gauss-Hermite grid points, exists [23]. But for the
approximation of the distribution function based upon spherical harmonics, see [3, 5, 8, 28], the
existence of such a mapping is not very clear due to the following reasons (i) the maximum
degree of the Hermite polynomials in each of the spatial directions is equal, as a result of which,
we atleast need n? (n € N) Gauss-Hermite quadrature points in the velocity space to perform
all the velocity space integrals appearing in the moment system exactly. But the number of
moment variables (and the characteristic variables) for these moment equations are not equal
to n3 [30]and (ii) the rotational invariance of the moment systems prohibits the existence of an
underlying discrete velocity grid; for the Grad’s-20 moment system, a possible reason why (64)
cannot be used for prescribing boundary conditions has been shown in subsection 7.7.

On the other hand, the formulation presented in the present work is completely independent
of the underlying discrete velocity grid. Moreover, a preliminary computational analysis shows
that even for moment systems which are based upon a spherical harmonic approximation of the
distribution function, the flux matrix is Onsager compatible. Therefore, the framework presented

in this article can be easily extended to include multi-dimensional moment systems.

5.3 Discussion

We find the following similarities between the entropy flux at the boundary corresponding to
the true solution of the Boltzmann equation and the one we obtain through the approximation
fh. For g&® =0 in (55), the entropy flux across the boundary for our moment system is given
by

+aTAWaq =+ /ff,%foldﬁ, z =zF)
(65)

=+2al A%, = 2(A%a.)  LA®a, >0, (.L>0)

which can be looked upon as the discretized version of (17), in the velocity space, with f replaced
by its approximation fs. Therefore by constructing OBCs we have mimicked the behaviour of
the true entropy flux of the linearised Boltzmann equation at the boundary, though in doing so
we had to give up the MBCs.
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5 ONSAGER BOUNDARY CONDITIONS

Using the OBCs, we can better understand the instability which arises due to the MBCs.
The MBCs in (36), assuming g®) = 0 and («.),._, begin the last component of c., can be

written as

+ [LA%a, +28 (M09 = M) (a,), |, @ =2

(6%}
. [LAoeae AN (ae)neil] 7 (With AN — 9 (M(mbc) _ M(mbc,*))) (66)

where L is given by (54), M™% and Mmb¢*) are the vectors appearing in (51) and (50)
respectively. The fact that AM¢) =£ ) is the reason why the MBCs do not satisfy Condition?2.
Using (66), the entropy flux across the boundary, #H, corresponding to the moment system can

be written as

1 1
57-[ = 5oéTA(”)oz ==+ aZAoeae, z =z

T
— (Aoeae)T LAoeae + (Ole)ne—l (AM(mbC)> Aoeae (67)

b T
> (te) ey (AM<m C>) A%q,, (L>0)
Replacing the bound on the entropy flux into the energy estimate (4), we obtain
2 b T
Orllal?< =2 (0e) ey (AMI™))" A%ar, (68)

which shows that the growth of the L?(€2) norm of the solution can only be bounded by the
solution itself implying that the uniqueness of the solutions obtained through MBCs cannot be

ensured.

The construction of the Onsager matrix shows the importance of Condition2 in formulating
the OBCs for the moment system. We will now present an intuitive understanding of this condi-
tion. The entropy flux a A a represents the transport of entropy across 9 and therefore it
should not depend upon that part of the solution which does not have any velocity in the normal
direction i.e. it should be independent of W which represent the resting waves(see (69)). This
statement is also justified by (71) where H only depends upon W and W_. But if Condition2
is not satisfied then Ry # 0 in (69), which is the case for the MBCs, leading to an artificial
contribution from Wy into H through the boundary conditions. This leads to a non-physical

entropy flux at the boundary which is responsible for instabilities.

The construction of the matrix L discussed in the above sections is one of the various methods
which are possible to construct a symmetric positive semi-definite L and is based upon our
hypothesis that the coefficients for the lower order moments arising from MBCs should not be
disturbed which complies with the methodology developed recently in [26] and [21]. Contrary
to the methodology suggested in the present work, one might choose to transform both the
coeflicients of the higher and the lower oder moments in the MBCs to obtain an Onsager matrix;
therefore, there could be various ways to obtain a desirable Onsager matrix. The extent to which
different L influence the physical accuracy of our Hermite discretization in (18) is an intriguing

question in itself. It might be very much possible that an Onsager matrix constructed in a
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different way will lead to more physically accurate results. An attempt towards this direction
was already made in [21] where the authors altered the coefficients of the initially obtained
Onsager matrix to obtain physically more accurate results; on the other hand it seems most
reasonable to stay as close to MBCs as possible. Despite of the fact that there might exist a
physically more accurate Onsager matrix, the importance of stable boundary conditions cannot
be underestimated. It has been shown in many studies (see [16, 31] and references therein for
a detailed discussion) that numerical schemes fail to converge, specially for curved boundaries,
if one does not provide stable boundary conditions; therefore in order to obtain convergent
numerical results it is crucial that one uses OBCs over MBCs.

From (54) it is clear that our model for L relies on the invertibility of A°. The requirement
for the invertibility of Ave ig nicely met in the one dimensional case; but whether such an invert-
ibility exists for a multi-dimensional case is not very clear. Though a premature computational
analysis shows that A% is invertible even for multi-dimensional systems, atleast in general. If
the invertibility of A% can be shown for an arbitrary order moment system or can be assumed
due to certain arguments then L can be modelled similar to (54) and a proof for the symmetric
positive semi definiteness of L in the multi-dimensional case could be constructed along the

same lines as in Theorem 5.2.

6 Conclusion

In the present work we have discussed a methodology to construct stable boundary conditions
for a moment system arising from one-dimensional kinetic equation. We have first discussed
the computation of boundary conditions using the Maxwell accommodation model which is
well-known in the literature. Then by studying the kernel of the various matrices involved, we
proposed a model for the Onsager matrix; this model was then shown to be symmetric positive
semi-definite with the help of recursion relations of the Hermite polynomials. The model for
the Onsager matrix was such that the coefficients of the lower order moments appearing in
the Maxwell boundary conditions were not disturbed; such a model complied with the earlier

proposed methodologies to construct the Onsager matrix.

7 Appendix

7.1 Analysis using characteristic splitting

A well-known methodology to study the stability of the boundary conditions is through their
characteristic decomposition; see [7, 18] for a detailed discussion of this framework. Let the
eigenvalue decomposition of A be XAX” with X and A being the matrices containing the

eigenvectors and the eigenvalues respectively. Then by introducing the characteristic variables
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7 APPENDIX

W = X" into (1c) we can split the boundary conditions as

¥+> R=(R+,Ro),&=(BX_) 'g) (69)

W_—RW+g, <withw:<

where W_, /o are the characteristic variables which move with negative, positive and zero
characteristic speeds respectively. The matrices X_ /| o contain those eigenvectors which cor-
respond to negative, positive and zero eigenvalues. We note that the unit vector n points out
of the domain and therefore W_ represents those variables which bring information into the

domain. The matrices Ry and Rg are given as
Ro=-(BX )'BX, R;=-(BX ) 'BX, (70)

Using the characteristic variables and the boundary conditions in (69), we can simplify the

entropy flux at the boundary, H, as

H=aTAMa = WIAW = W7 (A + RTA,R) W 4+ 2WTRTA_g +6TA_g. (71)

H

where A and A_ are diagonal matrices which contain positive and negative eigenvalues of A™
on their diagonals respectively. The matrix A is a block diagonal matrix with the first block
being A, and all the other entries being zero. In order to study H, we have a crucial result

which follows from elementary linear algebra

Lemma 7.1. Let x € R" and C € R™ ™ be a symmetric positive semi-definite matrix. Let
M =xTCx + 2x"Th where h € range(C) and is independent of x. Then, M can be bounded as
M > —hTCTh where CT is the pseudo-inverse of C.

Proof. The quadratic form M can be expressed as
M= (x+h)TC(x+h) —hTCh, (with h = C'h). (72)

where CT represents the pseudo-inverse of C. Since C > 0, we then have M > —h”Ch =
~h”C'h. O

Comparing the general formulation presented in Lemma 7.1 with H, we can identify C and
h as

C=A+RTA_R, h=R7TA_g (73)

Therefore, if we can somehow ensure the positive semi-definiteness of C then we will be able
to bound H solely in terms of h which will provide us with a bound of the type (5) for the
entropy flux, H, leading to the stability of the boundary conditions. By choosing W= (0, Wy),
with Wy being arbitrary, and then by choosing W = (W, 0), with W being arbitrary, in the
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7.2 Proof of Lemma-4.1

quadratic form of C (WTCW), we can find the conditions such that C > 0

Ro=0 <& ker{A"} C ker{B} (74a)
RIA_ R +A; >0 (74b)

If the above two conditions are satisfied along with h € range(C), then due to Lemma 7.1 H in
(71) can be bounded as
H>-hTC'h+gTA g (75)

which provides us with a bound of the type (5) and hence stability in the sense of Definition 2.1.

The above analysis can be summarised in the form of the following conditions

Conditionl rank(B) = p and p should be equal to the number of negative eigenvalues of A (™).
Condition2 ker{A™} C ker{B}(or Ry = 0).

Condition3 RzA,R+ +A; >0

Condition/, REA,Q € range(A+ + RTA_R,).

7.2 Proof of Lemma-4.1

Lemma 7.2. Let a matriz C be Onsager compatible with the same structure as that given in

(29), then it has the following properties

ker{C} = span { (k:er?Cl}) } : (76)

Property2 The eigenspectrum of C is symmetric about the origin.

Propertyl The ker{C} is given as

Property3 The number of negative eigenvalues of C are equal to p.

Proof. The proof for Propertyl immediately follows from the second condition required for
Onsager Compatibility as per which ker{CT} = (). For the proof of Property2, we have the

following. Let x be an eigenvector of C with the eigenvalue A, then

OG-
C{ 0 X9 C,{Xl X2

where x; € RP and x5 € R?. Using the above we obtain

0 Cl —X1 B 01X2 _ —X1
e ) (2] ()~ (2)
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which shows that —\ is also an eigenvalue of C and proves Property2. Due to Propertyl the

matrix C has a zero eigenvalue with a multiplicity of ¢ — p. Thus the number of negative
m—(Qq—p) - p+q—2(q—p)

eigenvalues of C are equal to = p, which proves our claim. O

7.3 Proof of Lemma-4.2

Lemma 7.3. The fluz matriz AV appearing in (25) is Onsager compatible.

Proof. From (25) it is clear that A() has the structure

(1) _ 0 Ace
A —<(AOE)T 0) (79)

with A% € R™*"; moreover due to (24) n° < n®. From the tensorial structure of A° given in
(26), we know that it will have the form

1 v2 0 - i e o 0]

0 V3 2 - :
A% = . (80)
0 0 5 V6 - :

o

which shows the linear independence of all of its rows and thus rank(A°) = n°. This proves

our claim. O

7.4 Proof of Theorem-5.1

Theorem 7.1. Let the flux matriz, corresponding to a general symmetric hyperbolic system
(1a), A € R™™ defined in (3) be Onsager compatible with

0 A}
A(”):<<A*)T O”), x € 09 (81)

where A} € RP*? and p < q. Also, assume the solution vector o to be structured as o =

(o, ozq)T where oy € RP and oy € RY. At the boundary, let o, and oy be related as

a,=May+g=LAo,+g or (I,-M)a=g, xecd (82)
——
B
where L € RP*P s a constant symmetric positive semi-definite matriz, M € RP*? and g €
range(L) is the inhomogeneity arising from the boundary. Then, the boundary conditions in

(82) are stable in the sense of Definition 2.1.
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7.5 Proof of Theorem-5.2

Proof. Since A™ is Onsager compatible then due to Lemma 4.1 the matrix A also possesses
Propertyl to Property3. From Property3 of the flux matrix A, we know that the OBCs
in (82) prescribe the correct number of boundary conditions. In order to see whether we can
reproduce a bound of the type (7) with (82), we recall the entropy flux across the boundary (5)

corresponding to (la)
H=0o"AMa =20l Aro,=2[a]La, +alg], (with &, = A%y (83)
where we have used (81) and (82). Since g € range(L) and L has been assumed to be symmetric

positive semi-definite, we can use the result of Lemma 7.1 to bound H as ‘H > —%gTLTg, with

L' begin the pseudo-inverse of L. Replacing the bound for H in (4), we find

1
at/ ol adx < % g’ Ligds (84)
Q 2 Joq

which shows the stability of the boundary conditions in (82). O

7.5 Proof of Theorem-5.2

Theorem 7.2. The matriz L given by (54) is symmetric positive semi-definite.

~ o T . o T .
Proof. If L is symmetric positive semi-definite then P = % (A°e> LA% = (A"e) M (mbe)

should also be symmetric positive semi-definite due to the invertibility of Aoe,

e Symmetricity: Using the expression for M™% from (37), P can be written in tensorial

form as
Py, =Age N (85a)
1. 1. (Hi, Ha) m+,fo)
= —A%(Hoj 1, H: — —A%(Hyj41, H 00 85b
£0 ]< A 2k>(R+’f°) Po j< A 0>(R+’f°) <H1,H0>(]R+,f0) (85)
P P

Using the definition of A% from (26), the above expression can be simplified as

\/ 0P0 sz = H2g+17H2zf> (R,fo) <H23+1;H2k>(R+ fo)
=po\/00V2i + 1 (Hai 1, Ho) s gy + 0/ 00V2i (Hoi 1, Hop) i gy (86)
=Po <H2i;H2kf>(R+7f0) .
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(2)

Now doing the same for P;” we have

(H1, Hok)m+fo)

(Hi1, Ho)(r+ o)

=poV/ 0 ( 2i 4+ 1 (Haiv1, Ho) m+ ) + V/2i (Hay; 1, Ho) (m+, fo))
(H1, Hop) v+ 1)

\fpg H2]+17H2Z£>]Rf <H2j+17H0>(R+7f0)

(H1, Ho) e+, 1) (87)
-, (EHo, Hai) e+ fo) (H1, Hor) v+ o)
=0
(Hx, Ho)®r+ fo)
(Hi, Hoi)(r+ fo) (H1y Hor) (m+ fo) 3
= —— H, H
100\/7 <H17H0>(R+ 1) ( \/% 0= 1)

The expressions (86) and (87) are now symmetric with respect to ¢ and k which implies that
P is symmetric and so is L. In writing the above relation we have used the orthogonality

(20a) and the recursion relation (20b) of the Hermite polynomials.

Positive Semi-Definiteness: Let the quadratic form of P be represented by « then,

K= xZJDZ(kl)xk - :):iPZ.(,f)xk. (88)
Let f be a function such that
nf—1
= > wiHa(€)fo(€), €eR™ (89)
i=0
Then x reads
1 _ (Hy, xiHa; fo)r+ (H1, 2 Hog fo)r+
por =—— (xiHa; fofo ', 2xHar o)t —
\/%< 0 s (Hi, Ho) e+ 1)
(Hy, )7 § (50)
= .sz7H1f_1 - ’ RY lei
< o m (Hi, Ho)(for+) ( \/%)
The integrals in the above expression will be bounded because f € L%(R¥, f D). Let
0(§) = F\JHify ', #206) = HoV/Hifo ¥ €€RT. (91)
Then by Cauchy-Schwartz inequality we have
(&1, E2)rt < (21, 21) R+ (2, B2)me- (92)
Substituting the expression for £; and 22 in the relation above we obtain
-1
(f\VHify' Hov/Hifo)z \/Hlfo f \/Hlfo IR+ (93)

x (Hov/Hi fo, Hon/Hi fo)m+-
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7.6 Proof of Lemma-5.1

The above expression can be further simplified to
(Hy, Hofo)r+ (f*, Hifg s = (Hi, )R- (94)
Since (Hy, Ho fo)r+ > 0, the above inequality immediately implies
k>0 (95)
with equality in the above expression if and only if
=7k = f=n7fo (96)
where v € R.

The symmetric positive semi-definiteness of P implies the same for L. O

7.6 Proof of Lemma-5.1

Lemma 7.4. The inhomogeneity g&) given by (38) is such that g&) € range(L) where L is
given by (54).

Proof. From (37), we can trivially conclude for M(™) that

0 0
(mbe) __
M(mbe) — (0 M(mbc)> (97)

where M(mbe) ¢ R(*=Dx(n°~1) " The first row of M) being zero captures the no penetra-
tion boundary condition of the fluid and the first column begin zero shows us that ag, which
corresponds to the deviation of density(see (22)), has no role to play in any of the boundary

conditions. Using the above properties of M) in our model for the Onsager matrix (54), we

0 0
L= (0 i) (98)

where L € R =1x(°~1) " Since the equality in the Cauchy-Schwartz inequality (95) exists if
and only if (96) holds so L will be a s.p.d matrix. The temperatures of the walls, §&) in (14),

can be arbitrary chosen therefore the inhomogeneity g(®), given in (38), can be structured as

g = <g(0i)> (99)

where g#) € R""~1 and is arbitrary. Comparing the structure of g(*) with that of L and using

have

the s.p.d nature of L, we immediately find g(®) € range(L). O
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7 APPENDIX

7.7 Relation of the Grad’s-20 moment system to Discrete Velocity Models

Let us consider the following distribution function for a multi-dimensional velocity space which

corresponds to the Grad’s-20 moment system [4]

fu (61 = D amn(x e (€)fo (100)

B <M

where g0 = (m(li), . ,mfﬁ) is a multi-index, M = 3 and

d
(& =TT He o (52
Vg (€) pl;[lH ) <\/§0> (101)

The total number of moment variables, aga), will be m = 20. Assuming the normal to the
wall boundary to be pointing in the positive x-direction, we are only concerned about the
characteristic variables arising from the flux matrix corresponding to the positive z-direction,

which is given by

Aﬁ») = /Rd Vg §1¥50) fod§ (102)

The maximum possible degree of the Hermite polynomials, in each direction, is M = 3. Therefore
the minimum number of Gauss-Hermite grid points (in the 3D velocity space) required to perform
the integral appearing in A1) exactly are G = 4 x 4 x 4 (L 4+ 1 gauss points provide exact
integration for polynomials upto 2L + 1 degree). Let {d;} and {z;} denote the weights and the
locations of all of these G number of quadrature points (we implicitly assume some ordering for

the Gauss points in different directions). Then

G-1

Az(;) = /Rd Y €1¥sm fod€ =Y P50 (2m) 20 050) (2m) fo (Zm) dom (103)
m=0

(1)

where zy,’ is the x-component of the m-the quadrature point location. Then A() can be

decomposed as
AM = RAR” (104)
where
Rij = g0 (25) \/ folzj)d;, Aij = 51'3‘2@(1)- (105)

Clearly R € R™*¢ and A € R*%. Though R;jRi; = 0, the expression in (104) is not the
eigenvalue decomposition of A1), Let o € R™ represent a vector containing all the moments

age and let the eigenvalue decomposition of AWM be given as A = XAXT, then
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a=RF=XW=W=RF (R=X'R) (106)

where W are the characteristic variables and F; = ,/% f(x,2z;,t). Let us assume F to be

ordered as

F~ d; 1
F = where FF = . X,z;,t) =+ s 0, 107
( o ) ) £ (107)
using which the relation in (106) becomes
W=RF=R F +R'F'. (108)

By prescribing a value to F~, we provide a value to the incoming part of the distribution
function which will be similar to (64). A computational study of the matrix R~ shows that its
structure is such that a prescribed value for F~, influences all the components of W, which is
undesirable. Therefore, we cannot use (64) to prescribe boundary conditions for the Grad’s-20

moment system.
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